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It i s  shown tha t  in a h o m o g e n e o u s  m e d i u m ,  a m a g n e t i c  f i e ld  m a y  g e n e r a t e  h e l i c a l  m o t i o n  in 
a c y l i n d e r  wi th  c o n s t a n t  a n g u l a r  and a x i a l  v e l o c i t i e s .  The  g e n e r a t i o n  p r o b l e m  is  so lved  e x -  
a c t l y ,  and a n a l y t i c  e x p r e s s i o n s  fo r  the m a g n e t i c  f i e ld  a r e  found. At  high v e l o c i t i e s  the  i n -  
c r e m e n t  of  f i e ld  g r o w t h  i s  m a x i m a l  when the r a t i o  o f  the  v e l o c i t i e s  i s  of  the o r d e r  of  un i ty .  
The  m a x i m u m  i n c r e m e n t  and f r e q u e n c y  a r e  o f  the  o r d e r  of  the  ve loc i t y  to the  t w o - t h i r d s  
ix)wer .  The  f i e ld  d i s t r i b u t i o n  has  the  f o r m  of  a s u r f a c e  wave .  The f ie ld  d e c a y  d e c r e m e n t  
for  d e p a r t u r e  f r o m  the c y l i n d e r  s u r f a c e  is  p r o p o r t i o n a l  to the  s q u a r e  r o o t  of  i t s  i n c r e m e n t .  

C o n c r e t e  e x a m p l e s  of  s e l f - e x c i t a t i o n  of  a f ie ld  a r e  o f  i n t e r e s t  in the t h e o r y  of  the  h y d r o m a g n c t i c  g e n -  
e r a t o r .  S i m p l e  f ie ld  f o r m s  ( t w o - d i m e n s i o n a l  o r  a x i s y m m e t r i c )  canno t  be g e n e r a t e d ,  and f ind ing  such  e x -  
a m p l e s  is  d i f f i cu l t .  In [1] an e x a c t  so lu t ion  of  the  g e n e r a t o r  p r o b l e m  i s  g iven .  Be low we o f f e r  an e x a c t  
so lu t i on  in which,  in c o n t r a s t  to [1], the  m a g n e t i c  f i e ld  v a r i e s  with t i m e .  

The  m o t i o n  in the e x a m p l e  c o n s i d e r e d  i s  a x i s y m m e t r i c .  Such mot ion  cannot  g e n e r a t e  an a x i s y m m e t r i e  
f ie ld  [2], but ,  as  was  shown in [3, 4], it  can  exc i t e  a n o n s y m m e t r i c  f i e ld .  

The  g e n e r a t i o n  e q u a t i o n s  fo r  a m e d i u m  with m a g n e t i c  v i s c o ~ t y  equa l  to un i ty  a r e  

div II : .  0, iJll / Ot . rol. [V x II1 -i- All (1) 

w h e r e  the  v e l o c i t y  V is  g iven .  

In c y l i n d r i c a l  c o o r d i n a t e s  r ,  ~,), z ,  l e t  the ve loc i ty  c o m p o n e n t s  be V r 
f r o m  Eq.  (1), for  a m a g n e t i c  f i e ld  p r o p o r t i o n a l  to exp(imqo + ikz + pt ) ,  we ob t a in  

l ) l l , .  .J,. I[,. / r -I- iml l~  / i . . . .  il,'ll: =.- (i (2) 

LII~ - -  2ira H~ / r'-' = 0 (3) 

LH,o -i- 2 i m H ,  / r ~- -~- rlI,  l)o) = 0 (4) 

Loll :  + H , l ) v  .... 0 

(D = d~ dr, L 'i- 1 / r '2 -. L .  :: (1 / r)DrD - -  rnO- / r ~ - -  q" (5) 

q~ =: s"- + ill, .~= -- p -'r- I.'', !t = too) + kv) 

The s o l u t i o n s  of  Eqs .  (2)-(5) m u s t  be f in i te ,  con t inuous ,  and tend to z e r o  as  r - -0% The f ie ld  i s  g e n -  
e r a b l e  i f  t h e r e  e x i s t  e i g e n v a l u e s  p w i t h  a ~ 9 s i t i v e  i n c r e m e n t  y = R e  p.  G e n e r a t i o n  i s  i m p o s s i b l e  i f  o n e  o f  
the  p a r a m e t e r s  m ,  k ,  v i s  equa l  to z e r o  [2,  5] .  

We wi l l  now c o n s i d e r  the  c a s e  w h e r e  w, v a r c  c o n s t a n t  for  r < 1 and equa l  to z e r o  for  r > 1. F r o m  
Eqs .  (3) ,  (4)  it  i s  e v i d e n t  tha t  the q u a n t i t i e s  It• = It r • i I ~  s a t i s f y  the  equa t i ons  (L  T 2 m / r  2) H ,  = 0.  The 
f in i te  s i n g l e - v a l u e d  s o l u t i o n s  of  t h e s e  equa t ions  a r c  

[ . 1 4 _ l •  r - ~ l  ( l a v . g q , . ~ l ~ t / . , _ t )  
11+_ = [ I:+K+_ (.~r) / K+ (.,'), r > I (6) 

= 0, Vr = r~o(r), V z = v(r ) .  Then 

I l e r e  and b e l o w  1, K, I~, K~_ a r e  m o d i f i e d  B e s s e l  func t ions  with i n d i c e s  m,  m • 1. 
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The  c o n s t a n t s  A:e and B+ a r e  d e t e r m i n e d  f r o m  the condi t ion  tha t  

II• DH•  :i: '/2i(o (H+ + H )  (7) 

be  con t inuous  at  r = i .  

The continuity of the field and the quantities DI~p + r r ,  DH z + vH r follows from Eqs. (7), (2), (3). The latter 
must be continuous; this follows from the continuity of the tangential electric field, and directly from Eqs. 
(4), (5) after integration over r from 1-0 to  +0. 

From Eqs. (6), (7) we obtain the dispersion relation 

'12ioJ (R+ --  R_) = R+B_ (B+ = ql+' / I •  - -  sK•  K• (8) 

The n u m b e r  p i s  an e igenva lue  i f  i t  s a t i s f i e s  Eq. (8) and the cond i t i on  I a r g  s I ~ ~/2v, n e c e s s a r y  fo r  
f i n i t e n e s s  of  the  f i e ld  (6). 

F o r  l a r g e  q, s ,  in  Eq.  (8) the  a s y m p t o t i c  r e l a t i o n s h i p s  [6] 

Y 2 z / : ~ K ( z ) = e  - ' ( 1  + a l / z - ] - a ~ / z  2 + . . . ) - ~  ](z) ,  

V2-~.~ I (~) = / ( - z )  

(n!2"a~ = I" (m + n -~ U2) / F (m - -  n + U~), I arg z I < II2~) 

m a y  be  u s e d ,  f r o m  which  fo l lows  

(9) 

R+_+_ = q -4- s --  (Uema:• m -i  :'/s)(q -I -4- s -1 + q-2 _ s-2) + O (q-'~ -4- s -:~) (10) 

With a c c u r a c y  to the  l a r g e s t  t e r m s  in Eqs .  (8), (10), we have  

imo)(l  / q ~ -  t / s ) - - -  ( q + s )  2 ( l a rgq ,  s ] < i / 2 . ~  ) (11) 

It i s  su f f i c i en t  to s tudy  Eqs .  (8), (11) a t  ~ = (~'2m~) ~/3 _> 0, s i n c e  they  b e c o m e  c o m p l e x  c o n j u g a t e s  
fo r  r e p l a c e m e n t  of  w, /~ ,  p by - w ,  - /~,  ~. 

At  p = 0 (when a po in t  of  the  s u r f a c e  r = c _< 1 m o v e s  a long the s p i r a l  with c o n s t a n t  f i e ld  c o m p o n e n t  
va lues ) ,  f r o m  Eq. (11) we ob t a in  

s = q = c~ exp (I/6 i~) ( a - +  § co) (12) 

The  f i e ld  i s  g e n e r a b l e  i f  (~2 > 2k 2. 

F o r  s m a l l  5 = p / (2~  2) the  quan t i t y  p = (p + k 2) a -2  + i5 i s  d e t e r m i n e d  f r o m  Eqs .  (8), (10), (12) by  the 
p e r t u r b a t i o n  me thod :  

- -  2 ~ _ ~  P = P 0  [ J 3 p o 6 / a  5/1262/p0 ~ O ( a - z ) ] [ i + O ( 6 2  ) L O ( a - z ) ! ,  

P0 := exp (1/3iJI) 

F r o m  th i s  i t  fo l lows  tha t  the  i n c r e m e n t  7 i s  m a x i m u m  at  p = -8/5~ + O(c~-l).  

F o r  l a r g e  5 (when 1 /~  << [ 5 I << ~ / m Z ) ,  the  va lue  p i s  d e t e r m i n e d  f r o m  Eq. (11) o r  the  e q u i v a l e n t  
equa t ion  4 + 4p(p 2 + 52) = 52(p 2 + 52) 2. A c c o r d i n g  to Eq. (11), wi th  i n c r e a s e  in  52 the  i n c r e m e n t  7(5) = 
~ 2 R e p ( 5 ) - k  2 d e c r e a s e s .  Th i s  i s  ev iden t  f r o m  the m o n o t o n i c i t y  o f  the  func t ions  

tg 2q~ 5 ~ = 4a sin (1/~ _ ~) Re p = cos (1/4 :t - -  q~) 
sin 4~p ' a 

To d e r i v e  Eq.  (13), we m u l t i p l y  Eq.  (11) by  ( q - s ) / ( q  + s) and w r i t e  i t  in  the  f o r m  

(13) 

T _ - -  T+ = t5 (T+ -2 = p +  i6) 
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F r o m  th i s  i t  fo l lows  tha t  

1 '  -;- T+ - ' 2 t ( T _ T + )  ~, 2 0 :  T+ -2 q- 1'_ -~. 

T a k i n g  T .  = T ~-~/25, we  ob ta in  

I / T  i : 1'"--~/46 ~, p : =  i(1'--l-~/46 ~ / T )  

Subs t i t u t i ng  ( T  = ~, e x p ( - i c o )  (a > 0) and s e p a r a t i n g  r e a l  and i m a g i n a r y  p a r t s ,  Eq. (13) m a y  be o b -  
t a i ned .  

We have  c o n s i d e r e d  above  on ly  the  e i g e n v a l u e  c h a r a c t e r i z i n g  the f ie ld  g e n e r a t e d .  A p e c u l i a r i t y  of  
Eqs .  (2)-(5) ,  (7) i s  t ha t  the  n u m b e r  o f  t h e i r  e i g e n v a l u e s  i s  f in i te  and noncons t an t .  Wi th  d e c r e a s e  in  v e -  
l o c i t i e s  ~-,, v e i g e n v a l u e s  d i s a p p c a r ,  s i n c e  the  r o o t s  p of  Eq. (8) d e p a r t  f r o m  the c u r v e  ] a r g  s] _<_ ~'2v to 
n e i g h b o r i n g  ones  t h rough  the s e c t i o n  p ~ - k  2. At  low v e l o c i t i e s  t h e r e  a r e  no c i g e n v a l u e s .  

To d e t e r m i n e  the d i s a p p e a r i n g  e i g e n v a l u e s  and the c o r r e s p o n d i n g  f r e q u e n c i e s  in the  c a s e  q = s i t  is  
conven ien t ,  u s i n g  the equa t ion  [6] 

l ' h  - -  I k '  -- 1 ,"z, 1'-_,- m ]  / z  - :  [ . ,  K ' - 4 -  m K i z  = - - K ~ .  (14) 

to t r a n s f o r m  Eq. (8) to the  f o r m  

!. 1~ I h ' ,  I .. ,,, U.,i (I .' It_ - -  I ," i?~) --ira (IA')' .' s . . . .  V,,...'xm (,l"- -i- i d ) ' ) '  / x (15) 

w h e r e  J,  Y a r e  B e s s e l  func t ions  of  the  f i r s t  and s e c o n d  type  with a r g u m e n t  x = i s .  

An e i g e n v a l u e  d i s a p p e a r s  i f  the c o r r e s l ~ ) n d i n g  r o o t  x m o v e s  f rom the u p p e r  s e m i p l a n e  into the l o w e r  
a c r o s s  the p o s i t i v e  s e m i a x i s .  F o r  p o s i t i v e  x i t  fo l lows  f rom Eq. (15) tha t  

X (.1}')' 2.1')" -i- 2 / (.~.r) - :  0, m~,~ = :d-}" / J (16) 

The  p o s i t i v e  nul l s  x n of  the funct ion  X s a t i s f y  the i n e q u a l i t i e s  

(~ " a~ .~ .i~' ( !h " x.. -:~ !h' .-]~ . [  .% . :  ] ,  --./ !J~ .-.--" x4 ~ !/.,' ~ . . .  (17) 

s i n c e  the  s ign  of  X is  d i f f e r e n t  a t  the  b o u n d a r i e s  of  e ach  i n t e r v a l  for  x n. The l a t t e r  m a y  be v e r i f i e d  by e x -  
pans ion  o f  X fo r  x - -  0 and f r o m  the i n e q u a l i t i e s  (17) fo r  the  nul l s  j ,  j ' ,  y ,  y '  o f  the func t ions  J,  J ' ,  Y, Y' .  

F r o m  Eqs .  (16), (17) and the a s y m p t o t i c  [6] 

i t  d e v e l o p s  tha t  

I ~,~:i.~: (Z ~ i~) .- exp i (.~: - -  ~, ' . ,am .... V.~.:O, / , ,  =- n ( n  - -  l / . . tn  - -  V,) 

.,.,, . :  i,.,~ ( ,  i ,~ - -  J), ,l,,,,, --- ( - - l ) "~ , )  (n .-~ m) 

F o r  m = 1 the  f i r s t  r o o t s  ~ 0.6, 2.9,  4.6,  and the f r e q u e n c i e s  ~ - 1 . 5 ,  6.6,  - 2 2 . 5 .  F o r  m = 2, 3, 4 the f i r s t  
r o o t s  ~ 1.8, 2.8, 3.8 and the  f r e q u e n c i e s  ~ - 7 . 7 ,  - 1 8 ,  - 3 2 .  

F o r  f r e q u e n c i e s  c l o s e  to ~o n f r o m  Eq. (15) we can find the c o r r e c t i o n  to x n and ve r i fy  tha t  the  e i g e n -  
va lue s  d i s a p p e a r  with d e c r e a s e  in !~o I. 

F r o m  Eqs .  (16), (17) i t  fo l lows  tha t  W n ( - 1 )  n > 0. In a c c o r d a n c e  with the r e m a r k s  m a d e  about  Eq. 
(11) above ,  for  d i s a p p e a r i n g  e i g e n v a l u e s  p in the  u p p e r  s e m i p l a n e  ~- 'n(-1)  n < 0. T h e r e f o r e ,  with i n c r e a s e  
in cc f r o m  z e r o ,  the f i r s t  e i g e n v a l u e  a p p e a r s  in the u p p e r  s e m i p l a n e ,  the s econd  in the l o w e r ,  e tc .  It m a y  
be a s s u m e d  tha t  Eq. (12) c o r r e s p o n d s  to the f i r s t  c i g c n v a l u c .  

In Eq. (1) with i n i t i a l  c o n d i t i o n s ,  for  L a p l a c e  t r a n s f o r m  of  the m a g n e t i c  f ie ld  H, Eqs .  (3)-(5) a r e  o b -  
t a ined ,  to the  l e f t  s i de  of  which  have  been  added  ti le c o r r e s p o n d i n g  c o m p o n e n t s  o f  the  i n i t i a l  f ie ld  h. In s t ead  
of  Eq. (6) we have  
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H+ = A+I• (qr) ] I+ (q) + K (qr) I h:t: (~) I+ (q~) ~ d~ 
o (18)  

]. 

-}- I+_ (qr) f h+ (~) K+ (q~) ~ aWg (h• = h,-4- ih~, 0 ~ r ~ i )  
r 

The expression for  the field at r > 1 is obtained f rom Eq. (18)by the rep lacement  A - - B ,  q ~ s, 0 - - 1 ,  
1 ~ ~o, and in the f i rs t  t e rm I ~ K. 

After determination of A:~, B ,  f rom Eq. (7), each component of Eq. (18) is presented in the form H = 
H.(p, r)/W(p), where W = 0 when Eq. (8) is satisfied. F rom this and the rotation integral  we obtain 

where the sum is taken over  the eigenvalucs,  and the integral  i s over  the curve bounding the section l arg s, 
qt = ~/27r. For  large t the sum of the t e rms  describing the generated field will be the greates t .  If in the semi-  
plane Re p-> - k  2 there are  no eigenvalues, then the integral  te rm will be greates t ,  equal to O[t -m exp(-k2t)] 
for t - -  ~. From this it is evident that generation is impossible if there are no eigenvalues. 

The component H z is found f rom Eqs. (2), (18). Using Eq. (14), we can find 

r 1 

= I , , + < ,  < 
0 r 

The expression for r > 1 is obtained by the replacement  q --  s, 0 --  1, 1 --  0% A - - - B ,  c =~ hr(1) --  - c  

and in the f i rs t  t e rm I ~ K. 

The solution of the genera tor  problem considered here may be general ized to the case where the 
velocities o:, v and the conductivity are  a rb i t r a ry  piecewise-constant functions of the radius.  An exact  d is -  
persion relat ion can be written for the case differing from the above by a discontinuity in conductivity at 
r = r 0 ~ 1 (the cases  of the boundaries of a conductor with a semiconductor  and a vacuum are the limiting 
ones). 

According to Eqs. (6), (9), at large s the magnetic field decays exponentially with departure  f rom the 
cylinder r = 1; therefore  inhomogeneity of conductivity (which is dependent not only on r) changes the eigen- 
value of the homogeneous problem by an exponentially small  value, if the a rea  of inhomogeneous conduc- 
tivity is removed f rom the cylinder by a minimum distance >> 1/Re s. In the problem with a discontinuity 
in conductivity, the change in the eigenvalue is proport ional  to e x p ( - 2 s l r  0 - 11). In the example considered,  
inhomogeneity in conductivity is not significant for generation. 

With increase  in one of the dimensions of motion, difficulty in field generation is to be expected. In 
the limiting case of plane motion (when the velocity is dependent only on the Car tes ian coordinate x and 
Vx = 0), generation is impossible.  

It follows f rom considerat ions of continuity that genera t ion ' remains  possible for replacement  of the 
moving cylinder by a long torus and smoothing of the velocity discontinuities.  As in the examples of [3, 4], 
this confirms the possibili ty of generation of an axisymmetr ic-mot ion field under as t rophysical  conditions. 
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